Abstract: Azimuthally modulated higher order rotationally symmetric Bessel-like optical patterns were generated by coherent superposition of two co-propagating Bessel beams -either in or out of phase. By changing the distance between the beam centers, a whole variety of transition states can be realized. As one prominent example, a 4-fold symmetry quadrupole-like photonic structure was optically inducted in an SBN crystal and nonlinear beam propagation in such a photonic wave-guiding structure is investigated in both self-focusing and self-defocusing regimes.The proposed device serves as an all-optical 2d 1 × 4 photonic interconnect.
Introduction
Soliton formation in nonlinear media is one of the most interesting nonlinear processes for both, their fundamentals and for numerous potential applications. In nonlinear materials the spreading of spatially localized optical beams during propagation (due to diffraction) can be compensated by nonlinear self-focusing. If exactly balanced, the resulting self-channeled beams, known as "spatial optical solitons," are highly robust which make them very promising objects for control and guiding approaches. In the past, spatial solitons in homogeneous nonlinear medium have been studied in numerous works [1] .
The presence of photonic lattices -micro-metric scale refractive index modulations -provides a powerful way to guide and control solitons and their dynamics. The soliton behavior now is fundamentally different from that in a uniform medium and still a challenging topic in modern optics. In periodic nonlinear lattices self-focusing or self-defocusing characteristics of the medium can balance the lattice diffraction, resulting in discrete lattice solitons [2] .
The desired periodic refractive index modulation can be pre-fabricated in photonic crystals [3] or optically induced in photorefractive materials [4] [5] [6] [7] . The illumination of a photorefractive medium with intensity-modulated light leads to a corresponding change in the refractive index. The advantage of this optical induction method is the possibility to gain high nonlinear response at very low power levels, as well as the flexibility to record different refractive index structures reversibly. Many important experimental works in this field successfully used these features of photorefractive strontium barium niobate (SBN) crystals [4] [5] [6] . If considering two-dimensional structures, nondiffracting beams are of special interest for optical induction because they enable the realization of non-spreading high-contrast structures due to the feature of unchanged propagation in free space [8] . One fundamental example for nondiffracting beams are Bessel beams, having a radial intensity distribution expressed by the Bessel function of first kind. They can for example be generated by axicons [9] , computer generated holograms [10] , and spatial light modulators [11] . Combined with its counter-propagating part, Bessel standing wave provides a radial and axial modulation that can be used to optically induce three-dimensionally modulated photonic structures [12] . Other nondiffracting beams such as discrete beams, higher-order Bessel, Weber, or Mathieu beams [13] have been realized and successfully used to optically induce corresponding 2d photonic lattices. The generation of higher order azimuthally modulated Bessel lattices by employing a phase imprinting technique was reported in [14] . Moreover, accelerated beams, such as Airy beams, have been used to optically induce an all-optical router [15] and even controlled with photonic lattices [16] . On the other hand, particular periodic refractive index modulations are found to result in a nondiffractive propagation of light as described in [17] .
In the last decade, there was an increasing interest in soliton formation in Bessel structures and many novel effects of self-trapping multipole-mode solitons [18] [19] [20] and vortex solitons [21, 22] in self-focusing and self-defocusing media have been predicted and observed. Also rotary solitons and planet-like orbiting of solitons in Bessel-like photonic lattices were demonstrated [23, 24] .
In this paper, we introduce an inventive approach to create a whole variety of different nondiffracting beams resulting from the coherent superposition of two transversely shifted zero-order Bessel beams. Thereby, the addressable variety of structures range from simple azimuthally modulated to complex Mathieu-like structures depending on the transverse displacement and the phase relation between the two Bessel beams. For one representative configuration, a four-fold modulated Bessel-like optical beam, we perform the optical induction in photorefractive SBN and demonstrate the light guiding potential in both regimes -focusing and defocusing. Finally, we study the nonlinear soliton formation in this quadrupole-like structure by performing the transition from linear wave guiding to nonlinear localization.
Experimental setup and approach
The experimental setup is shown schematically in Fig. 1 . The light from a cw laser at a wavelength of 532 nm is split into two beams, one serves as induction beam, the other as probe beam. The ordinarily polarized induction beam is modulated by a phase-only spatial light modulator (SLM 1) in combination with two following lenses and the Fourier filter in the focal plane. In a similar way, the extraordinary probe beam is shaped with SLM 2. A beam splitter directly in front of the nonlinear crystal combines both beams. As nonlinear medium we use a 20 mm long cerium doped Sr 0.60 Ba 0.40 Nb 2 O 6 (SBN:Ce) crystal externally biased by an electric field of E ext = ±1.5 kV cm −1 applied along the c-axis (the sign of E ext determines whether the nonlinearity is self-focusing or self-defocusing). The doping with cerium was found to significantly enhance the photorefractive properties of SBN [25] .
The illumination of photorefractive crystals by inhomogeneous light redistributes charge carriers excited by photoionization, builds up an internal electric fields and in this way changes the refractive index via the electro-optic effect, thus allowing the induction of photonic refractive index structures. Depending on the polarization of the light, the refractive index change for ordinary and extraordinary beams is determined by ∆n o = −1/2n 3 o,0 r 13 E ext and ∆n e = −1/2n 3 e,0 r 33 E ext , respectively, where r 13 = 47 pm V −1 and r 33 = 237 pm V −1 are the electro-optic coefficients for SBN. With this relatively high polarization anisotropy it becomes possible to linearly write the structure with typical beam power of few µW and without having significant feedback of the written structure onto the writing beam, but the probe beam experiences major refractive index modulation.
Paraxial wave equation and numerical methods
To study light propagation and soliton dynamics in nonlinear photonic lattices, we describe the dynamics of the optical field envelope A by the scaled paraxial wave equation
with
The transverse coordinates are scaled by a characteristic length w 0 and the propagation distance is scaled by kw 2 0 with k = 2πn/λ . The intensity-dependent index modulation ∆n 2 (I), with I ∝ |A| 2 , accounts for the nonlinearity in this equation. In our system, this nonlinearity is caused by the photorefractive effect, that is well-described by the band transport model and the electro-optic effect that transfers an internal electric potential φ into an index modulation ∆n 2 = n 4 0 r eff ∂ x φ . Here, r eff represents the effective electro-optic coefficient. The induction process of this internal potential can be approximated by the full anisotropic model [26] 
where E ext is the external electric field that is applied along the crystal's c-axis. For moderate temperatures, drift in this external field dominates the transport of the photo-excited charge carriers and thus the whole induction process has an intrinsic orientation anisotropy caused by the directed transport. We implemented spectral split-step beam propagation methods to simulate linear and nonlinear light propagation in the optically induced structures by evaluating the paraxial wave equation. In particular, we are interested in solitary solutions, thus we solve the wave equation with the ansatz A(r) = a(r ⊥ ) exp(iβ z), where a(r ⊥ ) is the transverse soliton profile and β denotes the propagation constant of the soliton. The resulting differential equation can solved by using a modified Petviashvili iteration scheme [27] . Figure 2 demonstrates several examples of nondiffracting beams resulting from the coherent superposition of two zero-order Bessel beams with varying transverse displacement and phase relation. The field distribution of the individual Bessel beams is given by E Bessel ∝ J 0 (k t (x − x 0 ) 2 + y 2 ), where J 0 represent the Bessel function of first kind, x 0 the displacement from the origin, and g = π/k t ≈ 17.5 µm the generalized structure size. The distance d between the beam centers is measured in units of g.
Experimental results

Generation of modulated structures by superimposed Bessel beams
The calculated and experimentally recorded intensity distributions for different separation distances between the Bessel beams are shown in Fig. 2 . A whole variety of different structures can be address by simply changing the transverse displacement between the Bessel beams. For d = 1, as shown in Figs. 2(a) , the structure shows similarities with a zero-order Mathieu beam [28] , while for d = 1.5 an azimuthally modulated quadrupole-like structure as in [14, 29] results, see Figs. 2(b) . But here, the intensity ratio between the horizontal and vertical sites can additionally be tuned by slightly varying the distance d. In general, we should note that the arising structures share fascinating properties of the inter- esting class of Mathieu beams that are solutions of the wave equation in an elliptical coordinate system [30] . According to the shape of the coordinate system, also the Mathieu beams exhibit elliptic symmetries and are determined by to quantities: the order m of the solution and the elliptic parameter ε that reflects the separation between the two focal points of the ellipse. Figure 3 shows some numerically calculated Mathieu beams with different parameters m and ε that are almost identical to the intensity profiles that resulted from the superimposed Bessel beams, cf. Fig. 2 . This quite simple approach of combining two zero-order Bessel beams already leads to a whole variety of intensity structures with geometries similar to Mathieu beams. Since the distance between the Bessel beams can be adjusted arbitrarily, the resulting geometries continuously transform into each other thus allow to create any intermediate state to be realized as writing beam for optical induction.
Light guiding in focusing and defocusing regime
As one example, the quadruple-like structure [see Fig. 2(b) ] is chosen representatively. After writing the azimuthally modulated index structure with an inner ring diameter (main lobe distance) of ≈ 34 µm into the crystal, the next step was to study the light guiding capability for a propagating finite-size Gaussian beam (FWHM ≈ 40 µm). Here, two different regimes are considered: focusing and defocusing. Focusing means, that the refractive index is locally increased where the writing beam intensity is high and occurs if the external electric field is aligned along the c-axis of the crystal. If the field is applied anti-parallel to the c-axis, the photorefractive effect becomes defocusing -the index is locally decreased in high-intensity regions. Figure 4 shows the experimental results, as well as the numerical simulations for the lightguiding structure probed with a Gaussian beam at the input face. This beam diffracts if no refractive index is written, as shown in Fig. 4(a) . For weakly and strongly written focusing structures (depending on the writing time), see Figs. 4(b), 4(c) , the intensity at the output nicely localizes at regions of locally increased index and consequently resembles the written refractive index structure that is shown in Fig. 4(f) (numerical simulation) . These results indicate that the lattice potential is modulated stronger along the c-axis of the crystal [6, 12, 14] .
The same measurement was performed in the defocusing case, where the refractive index is locally decreased in the high-intensity areas and the results are shown in Figs. 4(d) and 4(e) . Here, the probe beam is localized in the center of the photonic structure where the writing beam has zero intensity and the refractive index of the crystal is larger compared with the illuminated areas where it is decreased. In this case the structure acts like a depressed cladding waveguide.
Soliton formation in modulated Bessel-like photonic lattices
Finally, we demonstrate spatial soliton formation inside this particular quadrupole-like waveguide structure. In contrast to previous studies where more complex compound solitons in this azimuthally Bessel lattices were investigated [18] , we here want to restrict ourselves to the fundamental case of a bright soliton in one particular lobe of the structure. In a first step, the stable soliton solution of the paraxial wave equation is numerically calculated and the resulting field distribution is realized experimentally and imaged onto the input face of the crystal, see Fig. 5(a) . Here, we use SLM 2 to precisely shape the probe beam to match the soliton profile. To minimize the distortion caused by the inherent anisotropy of the index modulation, the soliton is settled on one of the horizontal sites, see 
Conclusion
In conclusion, we have presented a powerful approach to realize a huge variety of nondiffracting light fields by coherent superposition of two co-propagating zero-order Bessel beams. The resulting transverse structures depend on the distance and the phase relation between the Bessel beams and can be continuously transformed to mimic several Mathieu beams of different order and parity. We demonstrated the optical induction of one representative quadrupole-like structure and investigated the linear light guiding behavior in the focusing and defocusing regime. Finally, we presented the formation of stable spatial solitons in this structure. Our obtained results can be used for construction of all-optical photonic interconnects.
